This article deals with the first case of Fermat's Last Theorem. Let x p +y p +z p = 0 be the Fermat's equation with x, y, z ∈ Z co-prime and xyz ≡ 0 mod p. Let r be any prime dividing xyz. At first we give an elementary proof of the Fürtwangler theorem r p−1 − 1 ≡ 0 mod p 2 , without use of Class Field Theory or Eisenstein reciprocity law. Then we improve the Fürtwangler Theorem with the same elementary method to obtain the congruences r p−1 − 1 ≡ 0 mod p 3 .
Introduction
This article deals with the first case FLT1 of Fermat's Last Theorem in the classical Kummer approach. Let p be an odd prime, ζ a primitive p-th root of unity, K = Q(ζ) the p-cyclotomic field, Z K its ring of integers, v a primitive root mod p, σ ∈ Gal(K/Q) defined by σ : ζ → ζ v and π the prime ideal of K over p. Let x, y, z no-null pairwise co-prime integers verifying the Fermat's equation x p + y p + z p = 0 with xyz ≡ 0 mod p. It implies the relation (x + ζy)Z K = q∈E q pα where E is the set of prime ideals q of Z K dividing x + ζy. The Kummer-Stickelberger relation g(q) p Z K = q P (σ) where g(q) is a Gauss sum and P (σ) = i=0 v −i σ i with v −i = v −i mod p is used to derive, from Fermat's equation, that
where a is the complex conjugate notation. Let G = q∈E (
g(q) ) α . Let m = q∈E q. G is in the cyclotomic field Q(ζ p , ζ m ). Following Sophie Germain and Fürwangler, we examine some congruences mod r, where r are the primes dividing y. We get the following congruence which is the basis of our method:
Starting with this congruence we find again the Fürwangler's theorem p 2 |r p−1 − 1 in an elementary way, using neither Class Field Theory nor Eisenstein's reciprocity law. With a slight modification, starting from this second result we find the generalization p 3 |r p−1 − 1.
2 Some Definitions on cyclotomic fields
1. Let p > 5 be an odd prime, ζ a p-th primitive root of unity, K = Q(ζ) the pcyclotomic field with ring of integers Z K , Z * K the unit group of Z K and K + the maximal totally real subfield of K. Let v a primitive root mod p and σ :
2. Let ζ p n a primitive p n -th root of unity for n ≥ 2. We note
3. Let q be any prime with q ≡ 1 mod p, ζ q a q-th primitive root of unity,
where u is a primitive root mod q. The Gauss sum g(q) is called a Lagrange root number , see for instance Hilbert [2] p. 195 for this terminology. Classically, the Lagrange root number enjoys of the following important properties:
withā the notation of the complex conjugate of a (see for instance Ribenboim, [6] , section 20.3 p. 438).
5. The Kummer-Stickelberger relation is given by
where 
The Fermat's equation
Let p be an odd prime. We suppose that the first case of Fermat's Last Theorem (FLT1) fails for p. Let x, y, z no-null pairwise co-prime integers satisfying the Fermat's equation
with p |xyz. The Fermat's equation implies classically that
where E is the set of prime ideals of Z K dividing x + ζy.
Lemma 3.1. With the polynomial P (σ) and the Gauss sums g(q) previously defined, we have
where w ≡ 0 mod p.
Proof.
1. From relation (6), we get (x + ζy) P (σ) Z K = q∈E q P (σ)αp . The Gauss sums g(q) verify the relation g(q) p = q P (σ) , and so
where ε ∈ Z * K , so taking complex conjugation
Classically, from Kummer ε ε = ζ w with w ∈ Z. Therefore (9) (
2. We need prove that w ≡ 0 mod p: A = is not semi-primary
we can verify that
We see, successively, that A σ−1 , A (σ−1)(σ−v 2 ) , . . . , A P (σ) are not semi-primary. In the other hand g(q) ≡ −1 mod π, so (
g(q) ) p ≡ 1 mod π 2 is semi-primary. Therefore ζ w is not semi-primary and w ≡ 0 mod p.
The generalization of Fürtwangler's Theorem
We give at first an elementary proof of Fürtwangler's theorem which uses only Kummer's theory without any use of class field theory or Eisenstein reciprocity law: If r|y then p 2 |r p−1 − 1. Then we adapt slightly the method to improve this result to p 3 |r p−1 − 1.
Lemma 4.1. Let r be a prime with p n r f − 1, n ≥ 2 where f is the order of r mod p. Then r splits totally in K p n /K and is inert in the extension K p n+1 /K p n .
Proof.
1. Show that r splits totally in K p n /K: Let v be a primitive root mod p n . The Q-isomorphism ν : ζ p n → ζ v p n of K p n generates the cyclic group Gal(K p n /Q). For the Frobenius Φ = ν k , we have
Theorem 4.2. An elementary proof of Fürtwangler's theorem
Suppose that FLT1 fails at p. Let r be a prime r|y in the Fermat's equation (6) .
Proof.
Each prime ideal
x+ζy x+ζ −1 y ≡ 1 mod r. From lemma 3.1 we get
2 The fact that x+ζy x+ζ −1 y is not semi-primary plays a crucial role in the mechanism of proofs of this article. For instance we could not investigate for FLT2 with p|y because x+ζy x+ζ −1 y is semi-primary. 3 . Suppose that p 2 r f − 1. From lemma 4.1 the ideal r of K lying over r is inert in the extension
. Considering the composition of degree of ideals over r in the two pairs of extensions (K p 3 /K p 2 , N 3 /K p 3 ) and (N 2 /K p 2 , N 3 /N 2 ) the ideal R 3 is inert in the cyclic extension N 3 /N 2 of degree p. Let τ the N 2 -isomorphism of N 3 generating the Galois group Gal(N 3 /N 2 ) given by τ : ζ p 3 → ζ p 3 ζ p 2 . Applying τ to relation (12), observing that τ (R 3 ) = R 3 and τ (G) = G, we get
By difference of these two relations we get ζ i p (ζ w p 2 −1) ≡ 0 mod R 3 , contradiction because w ≡ 0 mod p, which proves that p 3 |r − 1 and achieves the proof. Proof.
x p +y p x+y = q pα where q ≡ 1 mod p 3 , so x p +y p x+y ≡ 1 mod p 4 . By symmetry we get x p + y p + z p ≡ x + y + z mod p 4 ; so x + y + z ≡ 0 mod p 4 , so x p + y p + z ≡ 0 mod p 4 , so z p − z ≡ 0 mod p 4 .
